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THE POINCAR

E SERIES OF THE JOINT INVARIANTS AND
COVARIANTS OF THE TWO BINARY FORMS
L. BEDRATYUK
Abstrat. Let Id1,d2 and Cd1,d2 be the algebras of joint invariants and joint ovariants of
the two binary forms of degrees d1 and d2. Formulas for omputation of the Poinare series
PId1,d2(z), PCd1,d2(z) of the algebras is found. By using these formulas, we have omputed
the series for d1, d2 ≤ 20.
1. Let Vd1 , Vd2 be the omplex vetor spaes of the binary forms of degrees d1 and d2 endowed
with the natural ation of the omplex group SL2. Consider the indued ation of the group
on the algebras of the polynomial funtions O(Vd1 ⊕ Vd2) and O(Vd1 ⊕ Vd2 ⊕C
2). The algebras
Id1,d2 := O(Vd1 ⊕ Vd2)
SL2
and Cd1,d2 := O(Vd1 ⊕ Vd2 ⊕ C
2)SL2
is alled the algebra of joint invariants and the algebra of joint ovariants for the binary forms.
The redutivity of SL2 implies that the algebras Id1,d2 , Cd1,d2 are nite generated graded algebras
Id1,d2 = (Id1,d2)0 + (Id1,d2)1 + · · ·+ (Id1,d2)i + · · · ,
Cd1,d2 = (Cd1,d2)0 + (Cd1,d2)1 + · · ·+ (Cd1,d2)i + · · · ,
and the vetor spaes (Id1,d2)i, (Cd1,d2)i are the nite dimensional. The formal power series
PId1,d2(z), CId1,d2(z) ∈ Z[[z]],
PId1,d2(z) =
∞∑
i=0
dim((Id1,d2)i)z
i, CId1,d2(z) =
∞∑
i=0
dim((Cd1,d2)i)z
i,
is alled the Poinare series of the algebras of joint invariants and ovariants. The nite genera-
tion of the algebra of ovariants implies that its Poinare series is an expansion of some rational
funtion. We onsider here the problem of omputing eiently this rational funtion.
The Poinare series alulations were an important objet of researh in lassial invariant
theory of the 19th entury. For the ases d ≤ 10, d = 12 the Poinare of the algebra of invariants
of binary form of degree d were alulated by Sylvester and Franklin, see [1℄, [2℄. Relatively
reently, Springer [3℄ set the expliit formula for omputing the Poinare series of the algebras
of invariants of the binary d-forms. This formula has been used by Brouwer and Cohen [4℄
for d ≤ 17 and also by Littelmann and Proesi [5℄ for even d ≤ 36. In [6℄ the Poinare series
of algebras of joint invariants and ovariants of two and three binary form of small degrees is
alulated.
In the paper we have found Sylvester-Cayley-type formulas for alulating of (Id1,d2)i, (Cd1,d2)i
and Springer-type formulas for alulation of PId1,d2(z), PId1,d2(z). By using the derived for-
mulas, the Poinare series is alulated for d1, d2 ≤ 20.
2. To begin with, we give a proof of the Sylvester-Cayley-type formula for joint invariants
and ovariants of two binary form. Let V ∼= C2 be standard two-dimensional representation
of Lie algebra sl2. The irreduible representation Vd = 〈v0, v1, ..., vd〉, dimVd = d + 1 of the
algebra sl2 is the symmetri d-power of the standard representation V = V1, i.e. Vd = S
d(V ),
1
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V0 ∼= C. The basis elements
(
0 1
0 0
)
,
(
0 0
1 0
)
,
(
1 0
0 −1
)
of the algebra sl2 at on Vd by the
derivations D1, D2, E :
D1(vi) = i vi−1, D2(vi) = (d− i) vi+1, E(vi) = (d− 2 i) vi.
Let us onsider the two irreduible sl2-modules Vd1 i Vd2 . Identity the algebras of polynomial
funtions O(Vd1), O(Vd2) with the symmetrial algebras S(Vd1), S(Vd2).The ation of sl2 is
extended to ation on the symmetrial algebra S(Vd1 ⊕ Vd2). in the natural way. The algebra
Id1,d2 ,
Id1,d2 = S(Vd1 ⊕ Vd2)
sl2 = {v ∈ S(Vd1 ⊕ Vd2)|D1(v) = 0, D2(v) = 0},
is alled the algebra of joint invariants of two binary forms of degrees d1, d2.
Let u2 be the maximal unipotent subalgebra of sl2. The algebra Sd1,d2 ,
Sd1,d2 := S(Vd1 ⊕ Vd2)
u2 = {v ∈ S(Vd1 ⊕ Vd2)|D1(v) = 0},
is alled the algebra of joint semi-invariants of the binary forms of the degrees d1, d2. For any
element v ∈ Sd1,d2 a natural number s is alled the order of the element v if the number s is
the smallest natural number suh that
Ds2(v) 6= 0, D
s+1
2 (v) = 0.
It is lear that any semi-invariant of order i is the highest weight vetor for an irreduible
sl2-module of the dimension i+ 1 in S(Vd1 ⊕ Vd2).
The appliation of the Grosshans priniple, see [7℄, [8℄ gives
Sd1,d2 := S(Vd1 ⊕ Vd2)
u2 ∼= O(Vd1 ⊕ Vd2 ⊕ C
2)sl2 = Cd1,d2.
Thus, the algebra joint ovariants is isomorphi to the algebra of joint semi-invariants. There-
fore, it is enough to ompute the Poinare series of the algebra Sd1,d2 .
The algebra S(Vd1 ⊕ Vd2) is graded:
S(Vd1 ⊕ Vd2) = S
0(Vd1 ⊕ Vd2) + S
1(Vd1 ⊕ Vd2) + · · ·+ S
n(Vd1 ⊕ Vd2) + · · · ,
and eah Sn(Vd1 ⊕ Vd2) is the omplete reduibly representation of the Lie algebra sl2.
Thus, the following deomposition holds
Sn(Vd1⊕Vd2)
∼= γn(d1, d2; 0)V0+γn(d1, d2; 1)V1+ · · ·+γn(d1, d2;n ·max(d1, d2))Vn·max(d1,d2), (1)
here γn(d1, d2; k) is the multipliity of the representation Vk in the deomposition of S
n(Vd1 ⊕
Vd2). On the other hand, the multipliity γn(d1, d2; i) of the representation Vi is equal to the
number of linearly independent homogeneous joint semi-invariants of the degree n and the
order i. In partiular, the number of linearly independent joint invariants of degree n is equal
to γn(d1, d2; 0). This argument proves
Lemma 1.
(i) dim(Id1,d2)n = γn(d1, d2; 0),
(ii) dim(Sd1,d2)n = γn(d1, d2; 0) + γn(d1, d2; 1) + · · ·+ γn(d1, d2;n max(d1, d2)).
Let us reall some points of the representation theory of the Lie algebra sl2.
The set of weights ( eigenvalues of the operator E) of a representation W denote by ΛW ,
in partiular, ΛVd = {−d,−d + 2, . . . , d}. The set of weights of a representation W denote by
ΛW , in partiular, ΛVd = {−d,−d+2, . . . , d}. It is lear that any joint semi-invariant v ∈ Sd1,d2
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of degree i is the highest weight vetor for an irreduible representation Vi in the symmetrial
algebra S(Vd1 ⊕ Vd2). A formal sum
Char(W ) =
∑
k∈ΛW
nW (k)q
k,
is alled the harater of a representation W, here nW (k) denotes the multipliity of the weight
k ∈ ΛW . Sine, a multipliity of any weight of the irreduible representation Vd is equal to 1,
we have
Char(Vd) = q
−d + q−d+2 + · · ·+ qd.
On the other hand, the harated Char(Sn(Vd1 ⊕ Vd2) of the representation S
n(Vd1 ⊕ Vd2)
equals
Hn(q
−d1, q−d1+2, . . . , qd1, q−d2 , q−d2+2, . . . , qd2),
see [9℄, where Hn(x0, x1, . . . , xd1 , y0, y1, . . . , yd2) is the omplete symmetrial funtion
Hn(x0, x1, . . . , xd1 , y0, y1, . . . , yd2) =
∑
|α|+|β|=n
xα00 x
α1
1 . . . x
αd1
d1
y
β0
0 y
β1
1 . . . y
βd2
d1
, |α| =
∑
i
αi.
By replaing xi = q
d1−2 i, i = 0, . . . , d1, yi = q
d2−2 i, i = 0, . . . , d2, we obtain the speialized
expression for the harater of Char(Sn(Vd1 ⊕ Vd2)) :
Char(Sn(Vd1 ⊕ Vd2)) =
∑
|α|+|β|=n
(qd1)α0(qd1−2·1)α1 . . . (q−d1)αd1 (qd2)β0(qd2−2·1)β1 . . . (q−d2)βd2 =
=
∑
|α|+|β|=n
pd1|α|+d2|β|+(α1+2α2+···+d1 αd1 )+(β1+2β2+···+d2 βd2) =
n max(d1,d2)∑
i=0
ωn(d1, d2; i)p
i,
here ωn(d1, d2; i) is the number nonnegative integer solutions of the following system of equa-
tions: 

d1|α|+ d2|β| − (α1 + 2α2 + · · ·+ d1 αd1)− (β1 + 2β2 + · · ·+ d2 βd2) = i
|α|+ |β| = n.
(2)
We an summarize what we have shown so far in
Theorem 1.
(i) dim(Id1,d2)n = ωn(d1, d2; 0)− ωn(d1, d2; 2),
(ii) dim(Sd1,d2)n = ωn(d1, d2; 0) + ωn(d1, d2; 1).
Proof. (i) The zero weight appears one in any representation Vk, for even k, therefore
ωn(d1, d2; 0) = γn(d1, d2; 0) + γn(d1, d2; 2) + γn(d1, d2; 4) + . . .
The weight 2 appears one in any representation Vk, for odd k, therefore
ωn(d1, d2; 0) = γn(d1, d2; 2) + γn(d1, d2; 4) + γn(d1, d2; 6) + . . .
Taking into aount Lemma 1, obtain
γn(d1, d2; 0) = dim(Id1,d2)n = ωn(d1, d2; 0)− ωn(d1, d2; 2).
(ii) The weight 1 appears one in any representation Vk, for even k, therefore
ωn(d1, d2; 1) = γn(d1, d2; 1) + γn(d1, d2; 3) + γn(d1, d2; 5) + . . .
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Thus,
ωn(d1, d2; 0) + ωn(d1, d2; 1) =
= γn(d1, d2; 0) + γn(d1, d2; 1) + γn(d1, d2; 2) + . . .+ γn(d1, d2;n max(d1, d2)) =
= dim(Sd1,d2)n.

3. Simplify the system (2) to

d1α0 + (d1 − 2)α1 + (d1 − 4)α2 + · · ·+ (−d1)αd1+
+d2β0 + (d2 − 2)β1 + (d2 − 4)β2 + · · ·+ (−d2) βd2 = i
α0 + α1 + · · ·+ αd1 + β0 + β1 + · · ·+ βd2 = n.
It well-known that the number ωn(d1, d2; i) of non-negative integer solutions of the above system
is equal to the oeient of tnzi of the expansion of the series
fd1,d2(t, z) =
1
(1− tzd1)(1− t zd1−2) . . . (1− t z−d1)(1− tzd2)(1− t zd2−2) . . . (1− t z−d2)
.
Denote it in suh a way: ωn(d1, d2; i) := [t
nzi] (fd1,d2(t, z)). The following statement holds
Theorem 2.
(i) dim(Id1,d2)n = [t
n](1− z2)fd1,d2(t, z),
(ii) dim(Sd1,d2)n = [t
n](1 + z)fd1,d2(t, z).
Proof. Taking into aount the formal property [xi−k]f(x) = [xi](xkf(x)), we get
dim(Id1,d2)n = ωn(d1, d2; 0)− ωn(d1, d2; 2) = [t
n]fd1,d2(t, z)− [t
n z]fd1,d2(t, z) =
= [tn]fd1,d2(t, z)− [t
n]zfd1,d2(t, z) = [t
n](1− z2)fd1,d2(t, z).
In the same way
dim(Sd1,d2)n = ωn(d1, d2; 0) + ωn(d1, d2; 1) = [t
n]fd1,d2(t, z)− [t
n z]fd1,d2(t, z) =
= [tn]fd1,d2(t, z) + [t
n]zfd1,d2(t, z) = [t
n](1 + z)fd1,d2(t, z).

4. Let us prove Springer-type formula for the Poinare series PId1,d2(z), PCd1,d2(z) of the
algebras joint invariants and ovariants of the two binary forms. Consider the C-algebra C[[t, z]]
of formal power series. For arbitrary m,n ∈ Z+ dene C-linear funtion
Ψm,n : C[[t, z]] → C[[z]],
m, n ∈ Z+ in the following way:
Ψm,n
(
∞∑
i,j=0
ai,jt
izj
)
=
∞∑
i=0
aim,inz
i.
Dene by ϕn the restrition of Ψm,n to C[[z]], namely
ϕn
(
∞∑
i=0
aiz
i
)
=
∞∑
i=0
ainz
i.
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There is an eetive algorithm of alulation for the funtion ϕn, see [11℄. In some ases
alulation of the funtions Ψ an be redued to alulation of the funtions ϕ. The following
statements hold:
Lemma 2. For R(z) ∈ C[[z]] and for m,n, k ∈ N we have:
(i) Ψ1,n
(
R(z)
1− tzk
)
=


ϕn−k(R(z)), n ≥ k,
0, if k > n,
(ii) Ψ1,n
(
R(z)
(1− tzk)2
)
=


(z ϕn−k(R(z)))
′, n ≥ k,
0, if k > n.
Proof. (i) Let R(z) =
∑∞
j=0 rjz
j . Then for k < n we have
Ψ1,n
(
R(z)
1− tzk
)
= Ψ1,n
( ∑
j,s≥0
rjz
j(tzk)s
)
=Ψ1,n
(∑
s≥0
rs(n−k)(tz
n)s
)
=
∑
s≥0
rs(n−k)z
s.
On other hand, ϕn−k(R(z)) = ϕn−k
( ∞∑
j=0
rjz
j
)
=
∑
s≥0
rs(n−k)z
s.
(ii) Let R(z) =
∑∞
j=0 rjz
j . Observe, that
1
(1− x)2
=
(
1
1− x
)′
= 1 + 2x+ 3x2 + . . .
Then for n > k we have
Ψ1,n
(
R(z)
(1− tzk)2
)
= Ψ1,n
( ∑
j,s≥0
(s+ 1) rjz
j(tzk)s
)
=
= Ψ1,n
(∑
s≥0
(s+ 1)rs(n−k) (tz
n)s
)
=
∑
s≥0
(s+ 1) rs(n−k)z
s.
On other hand,
(zϕn−k(R(z)))
′ =
(
∞∑
s=0
rs(n−k)z
s+1
)′
=
∑
s≥0
(s+ 1)rs(n−k)z
s.

The main idea of this alulations is that the Poinare series PId1,d2(z), PSd1,d2(z) an be
expressed in terms of funtions Ψ. The following simple but important statement holds
Lemma 3. Let d := max(d1, d2). Then
(i) PId1,d2(z) = Ψ1,d
(
(1− z2)fd1,d2(tz
d, z)
)
,
(ii) PSd1,d2(z) = Ψ1,d
(
(1 + z)fd1,d2(tz
d, z)
)
,
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Proof. Theorem 2 implies that dim ((Id1,d1)n) = [t
n](1− z2)fd1,d2(t, z). Then
PId1,d2(z) =
∞∑
n=0
dim(Id1,d1)nz
n =
∞∑
n=0
(
[tn](1− z2)fd1,d2(t, z)
)
zn=
=
∞∑
n=0
(
[(tzd)n](1− z2)fd1,d2(tz
d, z)
)
zn=Ψ1,d
(
(1− z2)fd1,d2(tz
d, z)
)
.
Similarly, we get the statement (ii).
We replae t with tzd to avoid of a negative powers of z in the denominator of the funtion
fd1,d2(t, z). 
Write the funtion fd1,d2(tz
d2 , z) in the following way
fd1,d2(tz
d2 , z) =
1
(tzd2−d1 , z2)d1+1(t, z
2)d2+1
,
here (a, q)n = (1− a)(1− a q) · · · (1− a q
n−1).
By using a representation of the funtion Ψ1,d via the ontour integral , see [11℄, we get two
new formulas for the Puanare series:
PId1,d2(t)=
1
2pii
∮
|z|=1
1− z2
(tzd2−d1 , z2)d1+1(t, z
2)d2+1
dz
z
,
PSd1,d2(t)=
1
2pii
∮
|z|=1
1 + z
(tzd2−d1 , z2)d1+1(t, z
2)d2+1
dz
z
, d2 ≥ d1.
Compare the formula with the Molien-Weyl integral formula for the Poinare series of the
algebra of invariants of binary form, see [10℄, p. 183.
Now we an present Springer-type formula for the Poinare series Pd(z) PId1,d2(z) i PSd1,d2(z).
Theorem 3. Let d2 − d2 = 1 (mod 2) and d2 > d1. Then
PId1,d2(z)=
∑
d1/2≤k≤d1
ϕ2k−d1
(
(1− z2)Ak(z)
)
+
[d2/2]∑
k=0
ϕd2−2k
(
(1− z2)Bk(z)
)
,
where
Ak(z) =
(−1)kz(d1−k)(d1−k+1)+(d2+1)(d1−2k)
(z2, z2)k(z2, z2)d1−k(z
(d1+d2)−2k, z2)d2+1
,
Bk(z) =


(−1)kzk(k+1)
(zd2−d1−2k, z2)d1+1(z
2, z2)k(z2, z2)d2−k
for 2k < d2 − d1,
(−1)
d2−d1+1
2 zk(k+2)−1/2(d2−d1+1)
(z, z2)s+1(z, z2)d1−s(z, z
2)k(z2, z2)d2−k
for s =
2k − (d2 − d1)− 1
2
.
Proof. If the integer number d1, d2, d2 > d1 have dierent parity then in the denominator
of the funtion fd1,d2(tz
d2 , z) all fators appears in the degree 1. Then the rational funtion
fd1,d2(tz
d2 , z) has the following partial frations deomposition
fd1,d2(tz
d2 , z) =
d1∑
k=0
Ak(z)
1− tzd2+d1−2k
+
d2∑
k=0
Bk(z)
1− tz2k
.
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By diret alulations we get
Ak(z) = lim
t→z2k−(d1+d2)
(
fd1,d2(tz
d2 , z)(1− tzd2+d1−2k)
)
=
=
1
(1− z2k)(1− z2k−2) · · · (1− z2)(1− z−2) · · · (1− z−2(d1−k))(z2k−(d1+d2), z2)d2+1
=
=
(−1)d1−kz2+4+...+2(d1−k)(−1)d2+1z(d2+1)(d1+d2−2k)−2(1+2+...+d2)
(z2, z2)k(1− z2) · · · (1− z2(d1−k))(z(d1+d2)−2k, z2)d2+1
=
=
(−1)kz(d1−k)(d1−k+1)+(d2+1)(d1−2k)
(z2, z2)k(z2, z2)d1−k(z
(d1+d2)−2k, z2)d2+1
.
In the same way, we obtain
Bk(z) = lim
t→z−2k
(
fd1,d2(tz
d2 , z)(1− tz2k)
)
=
=


(−1)kzk(k+1)
(zd2−d1−2k, z2)d1+1(z
2, z2)k(z2, z2)d2−k
for 2k < d2 − d1,
(−1)
d2−d1+1
2 zk(k+2)−1/2(d2−d1+1)
(z, z2)s+1(z, z2)d1−s(z, z
2)k(z2, z2)d2−k
for 2k = d2 − d1 + 2s+ 1.
Using the above lemmas we obtain
PId1,d2(z)=Ψ1,d2
(
(1− z2)fd(tz
d
2 , z)
)
=Ψ1,d2
(
d1∑
k=0
(1− z2)Ak(z)
1− tzd2+d1−2k
+
d2∑
k=0
(1− z2)Bk(z)
1− tz2k
)
=
=
d1∑
k=0
Ψ1,d2
(
(1− z2)Ak(z)
1− tzd2+d1−2k
)
+
d2∑
k=0
Ψ1,d2
(
(1− z2)Bk(z)
1− tz2k
)
.
By substituting the expression of Ak(z), Bk(z) and, taking into aount the Lemma 2, we get
the statement of the theorem. 
Let us onsider the ase d2 = d1 mod 2 and d2 > d1. Then
fd1,d2(tz
d2 , z)−1 =
= (1− t) . . . (1− tzd2−d1−2)(1− tzd2−d1)2 . . . (1− tzd2+d1)2(1− tzd2+d1+2) . . . (1− tz2d2) =
= (t, z2)(d2−d1)/2(tz
d2−d1, z2)2d1+1(tz
d2+d1+2, z2)(d2−d1)/2.
Consider the partial fration deomposition of the rational funtion fd1,d2(tz
d2 , z) :
fd1,d2(tz
d2 , z) =
=
d1∑
k=0
(
Ak(z)
1− tzd2+d1−2k
+
Bk(z)
(1− tzd2+d1−2k)2
)
+
(d2−d1)/2−1∑
k=0
Ck(z)
1− tz2k
+
d2∑
k=(d2+d1)/2+1
Ck(z)
1− tz2k
.
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It is easy to see that
Ak(z) = −
1
zd2+d1−2k
lim
t→z2k−(d1+d2)
(
fd1,d2(tz
d2 , z)(1 − tzd2+d1−2k)2
)′
t
,
Bk(z) = lim
t→z2k−(d1+d2)
(
fd1,d2(tz
d2 , z)(1− tzd2+d1−2k)2
)
,
Ck(z) := lim
t→z−2k
(
fd1,d2(tz
d2 , z)(1− tz2k)
)
.
Thus,
Theorem 4. For d1 = d2 (mod 2) and d2 > d1 the Poinare series PId1,d2(z) is alulated by
the formulas
PId1,d2(z)=Ψ1,d2((1− z
2)fd1,d2(tz
d2 , z)) =
=
∑
d1/2≤k≤d1
ϕ2k−d1
(
(1− z2)Ak(z)
)
+
∑
d1/2≤k≤d1
(
z ϕ2k−d1
(
(1− z2)Bk(z)
))′
z
+
+
∑
0≤2k≤d2−d1−2
ϕd2−2k
(
(1− z2)Ck(z)
)
+
∑
d1+d2+2≤2k≤2d2
ϕd2−2k
(
(1− z2)Ck(z)
)
.
For the ase d2 = d1 = d we have
Theorem 5. Let d2 = d1 = d. Then
PId,d(z) =
∑
0≤k≤d/2
ϕd−2k
(
(1− z2)Ak(z)
)
+
∑
0≤k≤d/2
(
z ϕd−2k
(
(1− z2)Bk(z)
))′
z
,
where,
Ak(z) = −
1
z2k
lim
t→z−2k
(
fd,d(tz
d, z)(1− tz2k)2
)′
t
,
Bk(z) = lim
t→zd−2k
(
fd,d(tz
d, z)(1− tz2k)2
)
.
By replaing the fator 1− z2 with 1 + z in PId1,d2(z) we get the Poinare series PSd1,d2(z)
5. For diret omputations of the funtions ϕ we use the following tehnial lemma, see [11℄:
Lemma 4. Let R(z) be some polynomial of z. Then
ϕn
(
R(z)
(1− zk1)(1− zk2) · · · (1− zkm)
)
=
ϕn
(
R(z)Qn(z
k1)Qn(z
k2)Qn(z
km)
)
(1− zk1)(1− zk2) · · · (1− zkm)
,
here Qn(z) = 1 + z + z
2 + . . .+ zn−1, and ki are natural numbers.
Example. Consider the ase d1 = 1, d2 = 3. We have
PI1,3(z) = Ψ1,3
(
1− z2
(1− tz2)2 (1− tz4)2 (1− t) (1− tz6)
)
=
= Ψ1,3
(
(1− z2)A1(z)
(1− tz2)
)
+Ψ1,3
(
(1− z2)B1(z)
(1− tz2)2
)
+Ψ1,3
(
(1− z2)C0(z)
(1− t)
)
.
Sine, 3 = 1 mod 2, using Teorema 4. We have
A1(z) =
z2 (3 z4 + z2 − 1)
(1− z4)2 (1− z2)3
, B1(z) =
z2
(1− z2)3 (1− z4)
, C0(z) =
1
(1− z2)2 (1− z4)2 (1− z6)
.
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Therefore
PI1,3(z) =
=ϕ1
(
z2 (3 z4 + z2 − 1)
(1− z4)2 (1− z2)2
)
+
(
z ϕ1
(
z2
(1− z2)2 (1− z4)
))′
+ϕ3
(
1
(1− z2) (1− z4)2 (1− z6)
)
.
Taking into aount Lemma 4 and ϕ1(F (z)) = F (z), obtain
PI1,3(z) =
=
z2 (3 z4 + z2 − 1)
(1− z4)2 (1− z2)2
+
(
z3
(1− z2)2 (1− z4)
)′
+
ϕ3
((
1− z6
1− z2
)(
1− z12
1− z4
)2)
(1− z2)2(1− z4)2
=
=
z2 (3 z4 + z2 − 1)
(1− z4)2 (1− z2)2
−
(5 z4 + 4 z2 + 3) z2
(1− z2)4 (1 + z2)2
+
+
ϕ3 (z
20 + z18 + 3 z16 + 2 z14 + 5 z12 + 3 z10 + 5 z8 + 2 z6 + 3 z4 + z2 + 1)
(1− z2)2(1− z4)2
=
= −
z2 (2 z4 + 3 z2 + 4)
(1− z2)3 (1 + z2)
(
1− z4
) + z6 + 5 z4 + 2 z2 + 1
(1− z2)2(1− z4)2
=
z4 − z2 + 1
(1− z2) (1− z4)2
=
=
(1 + z2)(z4 − z2 + 1)(1 + z4)
(1 + z2) (1− z2) (1− z4)2 (1 + z4)
=
z10 + z6 + z4 + 1
(1− z4)2 (1− z8)
.
By using Lemma 3 the Ponare series of the algebras of joined invariants and ovariants for the
d1, d2 ≤ 20 is found. Belos are results for the ases d1, d2 ≤ 5. Note that PCd1,d2(z) = PSd1,d2(z).
PI1,1(z) =
1
1− z2
,PI1,2(z) =
1
(1− z2) (1− z3)
,
PI1,3(z) =
z10 + z6 + z4 + 1
(1− z4)2 (1− z8)
,PI1,4(z) =
z13 + z11 + z9 + z4 + z2 + 1
(1− z3) (1− z5) (1− z6)2
,
PI1,5(z) =
z26 + 2 z20 + 6 z18 + 3 z16 + 7 z14 + 7 z12 + 3 z10 + 6 z8 + 2 z6 + 1
(1− z4)2 (1− z6) (1− z8) (1− z12)
,
PI2,2(z) =
1
(1− z2)3
,PI2,3(z) =
z9 + z7 + z2 + 1
(1− z3) (1− z4)2 (1− z5)
,
PI2,4(z) =
z6 + 1
(1− z2)2 (1− z3)2 (1− z4)
,
PI2,5(z) =
pi2,5(z)
(1− z3) (1− z4) (1− z5) (1− z6) (1− z7) (1− z8)
,
pi2,5(z) = z
24 + z22 + z20 + z18 + 2 z17 + 3 z16 + 5 z15 + 5 z14 + 8 z13 + 7 z12 + 8 z11+
+5 z10 + 5 z9 + 3 z8 + 2 z7 + z6 + z4 + z2 + 1,
PI3,3(z) =
z8 − z6 + 2 z4 − z2 + 1
(1− z2)2 (1− z4)3
,
PI3,4(z) =
pi3,4
(1− z4)2 (1− z3) (1− z6) (1− z5) (1− z7)
,
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pi3,4(z) = z
20 + z18 + z15 + z14 + 3 z13 + 4 z12 + 6 z11 + 6 z10 + 6 z9 + 4 z8 + 3 z7 + z6+
+z5 + z2 + 1,
PI3,5(z) =
pi3,5
(1− z4)2 (1− z6)2 (1− z8)3
,
pi3,5(z) = z
34 + 4 z30 + 5 z28 + 22 z26 + 34 z24 + 65 z22 + 77 z20 + 94 z18 + 94 z16 + 77 z14+
+65 z12 + 34 z10 + 22 z8 + 5 z6 + 4 z4 + 1,
PI4,5(z) =
pi4,5
(1− z3) (1− z4)2 (1− z5) (1− z6) (1− z7) (1− z8) (1− z9)
,
pi4,5(z) = z
35 + z33 + 2 z30 + 4 z29 + 8 z28 + 13 z27 + 21 z26 + 27 z25 + 38 z24 + 47 z23+
+54 z22 + 62 z21 + 68 z20 + 70 z19 + 74 z18 + 74 z17 + 70 z16 + 68 z15 + 62 z14 + 54 z13+
+47 z12 + 38 z11 + 27 z10 + 21 z9 + 13 z8 + 8 z7 + 4 z6 + 2 z5 + z2 + 1,
PI4,4(z) =
pi4,4(z)
(1− z2) (1− z3)3 (1− z4) (1− z6) (1− z8)
pi4,4(z) = z
19 + 2 z17 + z16 + 3 z15 + 2 z14 + 4 z13 + 3 z12 + 4 z11 + 4 z10 + 4 z9 + 4 z8 + 3 z7+
+4 z6 + 2 z5 + 3 z4 + z3 + 2 z2 + 1,
PI5,5(z) =
pi5,5(z)
(1− z2) (1− z4)2 (1− z6)2 (1− z8)3 (1− z12)
pi5,5(z) = z
46 + 4 z42 + 5 z40 + 44 z38 + 74 z36 + 188 z34 + 259 z32 + 452 z30 + 575 z28+
+723 z26 + 773 z24 + 773 z22 + 723 z20 + 575 z18 + 452 z16 + 259 z14 + 188 z12 + 74 z10+
+44 z8 + 5 z6 + 4 z4 + 1,
PC1,1(z) =
1
(1− z)2(1− z2)
,PC1,2(z) =
z2 + 1
(1− z)2 (1− z2) (1− z3)
,
PC1,3(z) =
z6 + z4 + 3 z3 + z2 + 1
(1− z)2 (1− z2) (1− z4)2
,PC1,4(z) =
z8 + 2 z6 + 2 z5 + 4 z4 + 2 z3 + 2 z2 + 1
(1− z5) (1− z)2 (1− z3)2 (1− z2)
PC1,5(z) =
pc1,5(z)
(1− z)2 (1− z4)2 (1− z6)2 (1− z8)
,
pc1,5(z) = z
22 + 3 z20 + 6 z19 + 10 z18 + 18 z17 + 24 z16 + 34 z15 + 43 z14 + 44 z13 + 57 z12+
+53 z11 + 57 z10 + 44 z9 + 43 z8 + 34 z7 + 24 z6 + 18 z5 + 10 z4 + 6 z3 + 3 z2 + 1,
PC2,2(z) =
1 + z2
(1− z)2(1− z2)3
,PC2,3 :=
z9 + 3 z7 + 3 z6 + 4 z5 + 4 z4 + 3 z3 + 3 z2 + 1
(1− z)2 (1− z2) (1− z3) (1− z4) (1− z5)
,
PC2,4(z) =
z6 + 2 z4 + 4 z3 + 2 z2 + 1
(1− z)2 (−z2 + 1)3 (−z3 + 1)2
,
PC2,5 =
pc2,5
(1− z)2 (−z3 + 1) (1− z4) (1− z5) (1− z6) (1− z7) (1− z8)
,
pc2,5(z) = z
26 + 5 z24 + 8 z23 + 19 z22 + 31 z21 + 52 z20 + 76 z19 + 104 z18 + 135 z17 + 162 z16+
+188 z15 + 200 z14 + 209 z13 + 200 z12 + 188 z11 + 162 z10 + 135 z9 + 104 z8 + 76 z7 + 52 z6+
+31 z5 + 19 z4 + 8 z3 + 5 z2 + 1,
PC3,3 :=
z10 + 3 z8 + 6 z7 + 6 z6 + 6 z5 + 6 z4 + 6 z3 + 3 z2 + 1
(1− z)2 (1− z2)2 (1− z4)3
,
PC3,4 :=
pc3,4
(1− z)2 (1− z3) (1− z4)2 (1− z5) (1− z6) (1− z7)
,
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pc3,4(z) = z
22 + 6 z20 + 8 z19 + 21 z18 + 34 z17 + 52 z16 + 76 z15 + 95 z14 + 117 z13 + 127 z12+
+134 z11 + 127 z10 + 117 z9 + 95 z8 + 76 z7 + 52 z6 + 34 z5 + 21 z4 + 8 z3 + 6 z2 + 1
PC4,4 :=
pc4,4
(1− z)2 (1− z2) (1− z3)2 (1− z4)2 (1− z6) (1− z8)
,
pc4,4(z) = z
22 + 7 z20 + 10 z19 + 24 z18 + 42 z17 + 62 z16 + 88 z15 + 113 z14 + 134 z13 + 145 z12+
+156 z11 + 145 z10 + 134 z9 + 113 z8 + 88 z7 + 62 z6 + 42 z5 + 24 z4 + 10 z3 + 7 z2 + 1
PC4,5 :=
pc4,5
(1− z)2 (1− z3) (1− z4)2 (1− z5) (1− z6) (1− z7) (1− z8) (1− z9)
,
pc4,5(z) = z
37 + 8 z35 + 15 z34 + 45 z33 + 93 z32 + 181 z31 + 324 z30 + 531 z29 + 828 z28+
+1202 z27 + 1674 z26 + 2206 z25 + 2789 z24 + 3377 z23 + 3929 z22 + 4392 z21 + 4734 z20+
+4909 z19 + 4909 z18 + 4734 z17 + 4392 z16 + 3929 z15 + 3377 z14 + 2789 z13 + 2206 z12+
+1674 z11 + 1202 z10 + 828 z9 + 531 z8 + 324 z7 + 181 z6 + 93 z5 + 45 z4 + 15 z3 + 8 z2 + 1
PC5,5 :=
pc5,5
(1− z)2 (1− z2) (1− z4)2 (1− z6)3 (1− z8)3
,
pc5,5(z) = z
42 + 8 z40 + 20 z39 + 56 z38 + 126 z37 + 257 z36 + 506 z35 + 891 z34 + 1438 z33+
+2332 z32 + 3380 z31 + 4939 z30 + 6488 z29 + 8707 z28 + 10720 z27 + 13175 z26 + 15010 z25+
+17283 z24 + 18414 z23 + 19791 z22 + 19578 z21 + 19791 z20 + 18414 z19 + 17283 z18+
+15010 z17 + 13175 z16 + 10720 z15 + 8707 z14 + 6488 z13 + 4939 z12 + 3380 z11 + 2332 z10+
+1438 z9 + 891 z8 + 506 z7 + 257 z6 + 126 z5 + 56 z4 + 20 z3 + 8 z2 + 1
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